We discuss branch points in the complex angular momentum plane formed by two Regge poles on trajectories with square-root branch points at t = 0. We find several new cuts which collide with the expected Mandelstam cuts at t = 0. In the bootstrap of the Pomeranchon pole, the collection of cuts has the same effect as in the case of linear trajectories: The Pomeranchon can have a(O) = I only if certain couplings vanish at t = 0.
I. INTRODUCTION
The structure of partial-wave scattering amplitudes extended into the complex angular momentum plane (j plane) has been of interest for over a decade. In simple models it is known that the amplitude has Regge poles of the form (3(t) x [ j -a(t)] -1 with the trajectory function a(t) analytic in the t plane except for branch points at positive t values corresponding to physical thresholds in that channel. 1 There may be singularities in the trajectories (branch points) at values of t ~ 0 if several trajectories coincide. Finally, there are known to be branch points in the amplitude, j (t ,j ) , that arise when two or more Regge poles are exchanged by the scattering particles, or, stated otherwise, when certain multiparticle processes are taken into account.
In this paper we discuss what happens to the structure of the scattering amplitude when two Regge poles combine to lead to branch points in the j plane, and the Regge-pole trajectories themselves have branch points in the t plane at t = 0.
In particular, we shall study trajectories of the form a.(t) =a± i Av -t + yt, called Schwarz trajectories.2 There are several motivations for looking into this question. Such trajectories with a= 1 appear in the Regge-eikonal model, 3 in models of the violation of the Pomeranchuk theorem, 4 • 5 in certain bootstrap models of the Pomeranchon, 6 where the triangle function ~(a, b, c)=a 2 +b 2 +c 2 -2ab-2ac-2bc and t 0 is some (irrelevant) constant. It is not difficult to see, incidentally, that if the a's are monotonically increasing, the max- 8 and in models of diffraction scattering in which the diffraction pattern shrinks faster than (Ins) - 1 • 5 In connection with the bootstrap of the Pomeranchon pole, the Pomeranchon cannot have a(O) = 1 if a' (0) is finite and certain Regge couplings are nonzero, and it is interesting to see if these arguments are modified by the Pomeranchon's association with Schwarz trajectories. In addition, one of the authors has given a discussion of the branch points based on continuing t -channel unitarity relations from t > 16m rr 2 to t ~ 0. 7 This approach leads to predictions about the nature of the two-Reggeon cuts located at a 0 .(t)=2a.(-~t)-1. However, we shall see that there are other, unexpected cuts in the angular momentum plane which are discovered only when one formulates the dynamics in the scattering region from the start. For this reason, the present paper constitutes a correction to Ref. 7. The first step in our study is to set up the dynamics, and for the reasons stated above we want the formulation to be at t ~ 0, with no continuation required. To this end, we have studied the structure of the partial-wave amplitude in both the multiperipheral model and Gribov's Reggeon calculus. We present our results in Appendixes A and B. These quite different formulations agree that the analytic structure is given by the twoReggeon-cut integral 8 It is crucial that the four cut terms be added with equal weights, as in Eq. (1.1). In particular, the +, -terms are important, in contrast with common belief and the statement made in Ref. 7 . We present two arguments. First, we use the expansion 9 !J 0 dt Jo dt e (-C..(t,tllt2) 
Applying this at t = 0, we find that .fi i are singular at j = 2 a-1, with behaviors
Thus the +, -terms are singular and dominant at t=O and j =2a-1. The second argument involves analyticity in the energy variable. For Rej > 2a-1, the denominators in the fu may be expressed
Inserting this and Eq. (1.2) into Eq" (1.1) we find
The integrand of the u integral in Eq. (1.5) is integrable at u=O because both trajectories are present, and j(t, j) is analytic at t = 0 for Rej > 2 a-1. When the four terms are added, the integral over ¢ can be evaluated:
(2.2) f 1 and f 2 have six linear factors under the square roots; they are hyperelliptic integrals. These factors can be exhibited: ( 1) ua± = 0. These singularities satisfy (j + 1 -2 a-~ y t ) 2 -A 2 t = 0. These are the Mandelstam cuts, which we denote ac• (t ).
(2) u,. = 0. The singularity satisfies (j + 1 -2 a-~ y t )2 = 0. We designate this as a 1 (t): (3) uc• =0. We again obtain the Mandelstam cuts ac • (t ).
(b) Pinch singularities. These can occur when u. + = u. _, ub + = ub _, or uc + = uc _ • The location of these singularities can be read off from Eq. (2.3).
(1) u. + = u. _. The singularity is a fixed cut 
(t).
In summary, possible singularities occur at j=ac•(t), a.(t), a 1 (t), a 2 (t), j 0 , and at t=O. There are no non-Landau singularities because u.
•, ub •, and uc • are finite for finite j and t.
III. PHYSICAL-SHEET SINGULARITIES FOR t.;;;O
We next determine which of the singularities obtained in Sec. II are on the physical sheet off for t< 0, and obtain the threshold behavior off at singularities. It is clear from Eq. (L1) that for j large and real, f is real. We can examine the points au a 2 , and j 0 , which are real, by reducing j from large positive values along the real j axis. As we do this, we must watch whether the singularities of the integrands of f 1 and f 2 approach the negative u axis and·deform the integration contour. Clearly the branch points uc•, which are complex, cannot approach or deform the integration contour. The motions of other singularities of the integrands are illustrated in Fig. 1 . The only singularity that reaches u=O is ub _ at j = a 1 (t ). However, because this curve is tangent to u=O, the integration contours are only deformed for j< a 1 (t), and neither f 1 nor f 2 is singular at a 1 (t ). The deformations of the integration contours in Eq. (2.2) are illustrated in Fig. 2 . For either continuation around j = a 1 (t ), f 1 and f2 acquire the same anomalous extension:
The anomalous branch point collides with ub + at j = a 2 (t ), producing a singularity off. The discontinuities across this cut in the j plane are 
The function f is a real analytic function of j , so it is singular at ac-and a_, with discontinuities at these singularities that are minus the complex conjugates of the discontinuities at ac+ and a+. The complete set of branch points off for t < 0 is shown in Fig. 4 .
There is no problem in continuing Eq. (2.2) to Likewise, the triple-Pomeranchon coupling cannot be made finite by choosing a Pomeranchon trajectory of the Schwarz type.
When we setj =O!+(t) inj(t,j), and t <0, we must approach 0!+ from above in Fig. 4 
which has the kinematic structure shown in Fig. 5 .
In terms of scalar variables we have s = (P-K) 2 , t =Q 2 , and on the mass shell P·Q=K•Q=O, P 2 +tQ 2 =K 2 +tQ 2 =M 2 for equal-mass external particles. Here V(P,K, Q) is the absorptive part of the basic blobs in the multiperipheral chain;
with m the mass along the chain; our normalization is such that on shell, for Q =.0 (forward scattering)
If the basic blobs themselves consist of two-particle scattering amplitudes, then on the mass shell V is given by elastic unitarity:
with 4sk 2 = t:J.,s, m 2 , m 2 ), and M (s, t) are the invariant amplitudes associated with the blobs. (See Fig. 6 .) In principle, of course, even within the framework of this simple model, it is necessary to know the offshell behavior of the scattering amplitudes.
Leaving aside for a moment the question of what V(P, K, Q) is, we may simplify the integral equation for A (P, K, Q) by making a "partial wave" diagonalization. We introduce a set of scalar variables
where for any vector N, N= N-Q(N· Q)/Q 2 • The
y' s in turn may be expressed in terms of the subenergies s = (P -K) 2 , s 0 = (P -P 1 ?, and where
For technical reasons we imagine u, v < 0, a~ though ultimately on the mass shell they take on the positive values u=v =M 2 -tt. The appropriate transform is A 1 (u, z; v, t; t) = V 1 (u, z; v, t; t) A 1 (u,z; v, t;t) = L:ds Q 1 (y) A(s; u,.z; v, t; t), (A6) where ds =2[uv(1- z 2 )(1-1; 2 )] ~1 2 dy. Similarly Vj (u, z; v, t; t) = l~ ds Q 1 (y) V(s; u, z; v, t; t) , (A7) Vj (u,z; u' ,z' ; t)= L~ds0 Q 1 (y0) V(s0; u, z; u' ,z'; t) .
In these equations L is the lowest mass occurring in V which would be 4m 2 in: our present model, and Q 1 is a Legendre function of the second kind.
The inversion formula to recover A(s; ... ) given
Details about the partial-wave analysis are given in a paper by Abarbanel and Saunders/ 1 The diagonalized equation is
du' ( 1 '2)1 1 2 Vj (u,z;u',z';t) A 1 (u',z';v,t;t) [(m 2 -u'-ttf-u 
For our present illustrative purposes, we solve this in the first Fredholm approximation. We find
where Vj(u, z; u', z'; t)V1 (u', z'; v, t; t 
(A10) (All) There are two sources of singularities in j : singul:irities that occur in the kernel V 1 itself and those associated with the Fredholm denominator D(t ,j ). For example, if D(t ,j) =0 for some shall assume that off-shell effects may be neglected and that the amplitUdes M (s,t) are adequately approximated by a single Regge pole:
, this determines the Regge poles~ As for Vj, note that it is given as an integral of the in-
over an infinite range of s weighted with Q 1 • Any finite part of the integration contributes an analytic function of j (except for trivial and irrelevant poles of Q 1 at negative integers). The dynamical singularities arise from the highenergy tail of V(s, ••. ) for which we shall use our model given by elastic unitarity. In addition we
M(s,t)=m(t)scx(t).
For high-energy s we now have
The singularities of ~ are correctly given by
where s * is some large energy. When s is large
Our model for ~ then turns out to be
We see here the emergence of the integral j(t,j) (for the case where the trajectories are the same) in the potential ~, aside from the appearance of the factor
which serves to cut off the integral for large -t11 -t2 ; in our definition of j(t ,j) we simulated this by a square cutoff at -t 0 since only the region near t H t2 :::: 0 is important in the singularity structure of the integral. Finally, we note that the Fredholm denominator D(t,j) becomes (A17) where
The function I (t, j ) has singularities for j > 0, but these are spurious and a result of our omission of off-shell damping effects. If these are properly taken into account, I (t,j) is seen to be real and positive for j >-1 and all t < 0. The coefficient of I (t,j) in Eq. (A17) is our fundamental integral f(t,j ), aside from the modification of the cutoff mentioned above. A much more detailed treatment of both the lowand high-energy parts of the potential, together with a discussion of off-shell effects and a more accurate solution of the integral equation, is presented by Abarbanel et al. 10 and by Goldberger. 9 APPENDIXB A second demonstration of the relevance of j(t, j) can be obtained by studying the t -channel partial-wave amplitude for Reggeon-Reggeon scattering. We deal with the amplitude g(t 11 t2 ;t,j;t{,t~), where the t 1 , t; are Reggeon masses squared, and t and j are the t -channel energy and angular momentum, respectively. The structure of the amplitude is shown in Fig. 7 . We take g and the Reggeons appearing in intermediate states to have even signature. According to the Reggeon calculus, 12 each intermediate state in Fig. 7 has a nonrelativistic energy denominator 
The discontinuity of g across the two-Reggeon cut is now easily found to be 
where R(t,j) does not share the branch points of the integral. Finally, the contribution of the twoReggeon cut to the physical partial-wave amplitude is proportional to g(t, j), 13 with the proportionality factor analytic at the branch points of
There are two features to be noted in Eq. (B7). The cut is multiplied by sin(~7T j ), so it disappears at even-signature integers. This behavior is of *Research supported in part by the National Science Foundation under Grants No. GP-36740X and GP16147Al. 1 We use the standard notation: The square of the total energy in the (s) scattering channel is s and the (negative) square of the momentum transfer is t; j is the angular momentum projection label appropriate to the t channel.
We present arguments based on positivity conditions and light-cone analysis for the structure functions W 4 and W 5 (which occur in neutrino scattering) to conclude that if they scale as vp W4•5(v, q 2 ) ~ F4,5(~), then p = 2. We also get the following bound on the scale dimension I" of the chiral-symmetry-breaking Hamiltonian: -(~) ~ I u > -4. Further, if we assume that fractional dimensions are not admissible, we get I u = -3.
I. INTRODUCTION
The scaling observed in the SLAC electron scattering experiments has generated considerable interest in light-cone analysis of structure functions for inelastic electron and neutrino scattering on nucleons. This is due to the fact that in the scaling limit, one is probing the structure of the current commutator near the light cone. The structure functions are related to the Fourier transform of the current commutator. The scaling behavior of the structure functions W 1> W 2 , and W 3 which are connected with conserved currents is now more or less established both theoretically and experimentally. It is natural to assume that the other two structure functions W 4 and W 5 which occur in neutrino scattering due to nonconservation of the axial-vector current also scale. Their scaling behavior has important bearing on the nature of the chiral symmetry breaking. In particular ifW 4 and W 5 scale (v-ao,~=q 2 /2mv fixed) as it is important to know p. This is because p can be related to the scale dimension z. of the chiralsymmetry-breaking Hamiltonian. 1 -5 Moreover, the value of p is important in deriving sum rules 4 • 6 which W 4 and W 5 satisfy in the scaling limit.
The purpose of this paper is to present arguments based on light-cone analysis and positivity conditions 7 for the structure functions For the derivation of results (b) and (c), we make use of positivity conditions and three more assumptions: (3) FL(~) =0, where FL(~) is the scaling part of WL (defined below), (4) the nonscaling part of W L falls like 1/v and not like 1/v', with 0< E< 1; (5) W4 has the same scaling behavior as W5 • The assumption {3) is the Callan and Gross 8 sum rule and is generally believed to be true.
The plan of this paper is as follows. In Sec. II, we discuss the consequences of positivity conditions for W 4 , 5 • In Sec. III, light-cone analysis for the function D is done. In Sec. IV we derive our main results.
